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Under the Eigenstate Thermalization Hypothesis (ETH), quantum-quenched systems equilibrate 
towards canonical, thermal ensembles. While at hrst glance the ETH might seem a very strong 
hypothesis, we show that it is indeed not only sufficient but also necessary for thermalization. More 
specihcally, we consider systems coupled to baths with well-defined macroscopic temperature and 
show that whenever all product states thermalize then the ETH must hold. Our result definitively 
settles the question of determining whether a quantum system has a thermal behaviour, reducing it 
to checking whether its Hamiltonian satisfies the ETH. 


An ideal heat bath induces thermalization in the sense 
that, when a physical system is coupled to it, its state will 
evolve to a well-defined infinite-time limit which depends 
only on macroscopic parameters of the bath - such as its 
temperature or energy - and not on any details of the ini¬ 
tial state of the system, the bath, or the system-bath in¬ 
teraction. It is a well-established empirical fact that both 
classical and quantum systems with a very large number 
of degrees of freedom exhibit these ideal-bath proper¬ 
ties when weakly coupled to much smaller systems, with 
their temperature being a smooth function of their energy 
alone. Yet, rigorous derivations relaying such a ‘generic’ 
behaviour to fundamental dynamical laws seem to require 
rather sophisticated, and arguably very specific and tech¬ 
nical, hypotheses. Then, understanding the mechanisms 
lying behind the thermalization of a quantum system has 
become a hot-debated topic in physics. The apparent in¬ 
congruence between the ubiquity of thermalization and 
the specificity of the hypotheses that seem to imply it 
has spurred substantial research [1-30] , analyzing the dy¬ 
namical conditions under which a large quantum system 
behaves as an ideal heat bath and induces thermalization. 
Prominent among them is the Eigenstate Thermalization 
Hypothesis (ETH), which may be formulated by stating 
that the partial traces of the eigenstates of the global 
Hamiltonian of the bath and the coupled system (includ¬ 
ing the interaction terms) are smooth functions of the 
energy. 

It is well known that the ETH is sufficient for thermal¬ 
ization if the initial state has a sufficiently sharp distri¬ 
bution in energy [1, 19], and a lot of effort has then been 
dedicated in checking whether specific quantum systems 
satisfy the ETH, with both analytical and numerical com¬ 
putations [9, 12, 26-30]. 

The converse question, however, of whether the ETH is 
also necessary for thermalization, i.e. whether there ex¬ 
ist quantum systems not fulfilling the ETH but nonethe¬ 
less exibiting thermal behavior, is not settled yet, and 
alternatives to the ETH have been proposed [13]. An 
answer to this question has been hinted at, although not 
proven, in the literature on the subject (see, e.g., the 
very recent survey [19], to which the reader is also re¬ 


ferred for a comprehensive overview of the context). The 
goal of the present work is to clarify this subtle and some¬ 
what elusive point by providing, for the first time to our 
knowledge, a proof that the very definition of ideal bath 
actually implies the ETH. Our result then definitively 
settles the question of determining whether a quantum 
system has a thermal behaviour, reducing it to checking 
whether its Hamiltonian satisfies the ETH: if the ETH is 
satisfied, the system always thermalizes, while if it is not 
satisfied, there certainly exists some reasonable physical 
initial state not leading to thermalization. 

Before starting with the actual proof, we find it manda¬ 
tory to state preliminary, rigorous definitions of thermal¬ 
ization, of an ideal bath and of the ETH itself. We will 
then reconsider the role of the ETH as a sufficient con¬ 
dition for thermalization on the basis of our definitions, 
and then proceed to present of our main finding, that 
the ETH is also necessary for thermalization. Gomplete 
proofs of the lemmata needed in the paper may be found 
in Appendix A. 


I. THERMALIZATION AND IDEAL BATHS 

Consider a system S coupled to a heat bath B, with 
Hilbert spaces Hs and Hb oi dimension ds and c?b, re¬ 
spectively. For convenience, we describe the total Hamil¬ 
tonian as H = Hc + Hb, composed of a free term Hb as¬ 
sociated with the bath’s inner dynamics, and a term He 
that includes both the free component associated with S 
and the system-bath coupling component. We only re¬ 
quire the norm \\Hc\\ to be bounded independently of the 
dimension ds of the bath [31]. Let then the global sys¬ 
tem start in some state p. At time t it will evolve into the 
density matrix p{t) = p whose time-averaged 

counterpart is the diagonal part of p in the energy eigen- 
basis, $ (p) = J2nPn assuming the spectrum of H 

to be non-degenerate for simplicity. Here, $ denotes the 
time-averaging map and = (n\p\n) is the probability 
that the global system has energy En [11]. The time- 
averaged reduced state of the system S is then obtained 
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by taking the partial trace of <f> (p) over the bath degrees 
of freedom, 

(p) = Tri3$ (p) = f„ , (1) 

n 

where f„ = Trs|n)(n| is the partial trace of the eigen¬ 
state |n). In this context, thermalization is said to occur 
when the density matrices <I>s (p) exhibit a functional de¬ 
pendence only on those properties of the initial states p 
which are directly associated with the bath, as the initial 
properties of S are washed away by the time-average and 
partial trace operations. 

A key point in the study of such processes is the choice 
of the set which identifies the initial states p of the joint 
system under which thermalization is assumed to occur: 
too broad a set being typically too restrictive to describe 
realistic configurations, too narrow a set leading instead 
to trivial results. In many cases of physical interest, one 
would know the value of only some macroscopic observ¬ 
ables of the bath, such as the energy, so a common hy¬ 
pothesis is to impose thermalization when the bath is in 
the mixed state that maximizes the von Neumann en¬ 
tropy among all the states with given expectation values 
of the known observables [14]. A weakness of this ap¬ 
proach is that it does not account for situations where 
the bath is prepared in a pure state. Another approach 
based on typicality has then been proposed. In Ref. [11], 
the initial state of the bath is a pure state chosen ran¬ 
domly according to the Haar measure on the subspace 
of the bath Hilbert space compatible with the values of 
the known macroscopic observables. The reduced sys¬ 
tem equilibrium state is then proven to be close, with 
very high probability, to the equilibrium state resulting 
from choosing as initial state of the bath the normalized 
projector over the considered subspace. A more refined 
choice would be to modify the notion of typicality by 
adopting probability measures that reflect the complex¬ 
ity of the state preparation. Indeed, the quantum pure 
states that are more easily built and comparatively sta¬ 
ble are the ground states of local Hamiltonians, so that 
one may restrict to the uniform measure on the states 
satisfying the area law [32-34], or introduce a measure 
arising from applying a local random quantum circuit to 
a completely factorized initial state [35, 36]. However, 
these probability measures are much more complicated 
than the uniform one on the whole Hilbert space, and 
the computations may not be feasible. 

Besides, asking whether there exist initial states of the 
bath not leading to thermalization of the system is a le¬ 
gitimate question, to which these approaches based on 
typicality do not answer. In this paper, we want to ad¬ 
dress precisely this question. Our definition of thermal¬ 
ization is therefore: 

Definition 1 (Thermalization for initial product states). 
We say that a subspace T-Cg of the bath Hilbert space in¬ 
duces thermalization of the system to a state ui with pre¬ 
cision e if for any initial product global state supported 


on Hs O the equilibrium reduced state of the system 
is close to uj. That is, TL^^ is such that [31] 

ll^s (/5) - will < e (2) 

for all p = PS ® Pb with Suppps C TL^g- 

To discuss the connection between ETH and ther¬ 
malization we shall further restrict the analysis to sub¬ 
spaces corresponding to micro-canonical energy 

shells TLBiE, ^b) of the bath free Hamiltonian, i.e., to 
subspaces spanned by those eigenvectors of Hb with 
eigenvalues in the interval [E — Ab, EAb]- In this con¬ 
text the associated equilibrium reduced state w entering 
Eq. (2) is assumed to depend upon 'Hb(E, A^) only via 
a smooth function fi{E) of E, which effectively defines 
the inverse temperature 1/T(£’) = kf]{E) of the bath, 
k being the Boltzmann’s constant. Notice that (jj{P{E)) 
and I3{E) are otherwise arbitrary [37]. Of course, a nec¬ 
essary condition for this to happen is to have the width 
Ab much smaller than the scale over which the mapping 
E I—> ui{j3{E)) varies appreciably. More precisely, with 
C = dE/dT > 0 the bath’s heat capacity, we must have 
that w(/3) does not appreciably change for variations of /3 
on the order (5/3 Ri AB\dfi/dE\ = fc/S^As/C. Considering 
that the largest energy scale that can be associated with 
the system alone is the operator norm jji7(7j|, we can con¬ 
clude that thermalization with precision e is reasonable 
if \\Hc\\6i3 < e, i.e. if 

kl3{EfAB\\Hc\\<eC{[l{E)). (3) 

We are then led to define an ideal heat bath as follows. 

Definition 2 (Ideal heat bath). We say that a bath is 
ideal in the energy range £b [38] with energy-dependent 
inverse temperature (3{E) if, for any Ab and e satisfy¬ 
ing (3) and for any E G £b, the micro-canonical shell 
Hb^E, Ab) induces thermalization to the state Cj{fi{E)) 
with precision e in the sense of Definition 1. 

II. ETH IMPLIES THERMALIZATION 

The ETH roughly states that, given two eigenvalues 
and Em of the global Hamiltonian H which are close, the 
associated reduced density matrices in and im defined in 
Eq. (1) must also be close, i.e. that is a “sufficiently 
continuous” function of the energy of the joint system. 
More precisely, our working definition is the following: 

Definition 3 (ETH). We say that a Hamiltonian H = 
En\n){n\ fulfils the ETH in the region of the spectrum 
£ [38] on a scale A with precision Ceth if all En, Em G £ 
with \Em - En\ < 2A fulfil \\Tm - f„l|^ < Ceth- 

It is worth observing that the usual formulation of the 
ETH [1, 19] does not split the global system into system 
and bath. Instead, it identihes a class of relevant macro¬ 
scopic observables A, and states that for any A G A the 
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diagonal matrix elements in the energy eigenbasis (n|^|n) 
depend “sufficiently continuously” on the energy. Upon 
choosing as A the set of self-adjoint operators acting on 
the system alone, our definition is equivalent. Indeed, for 
any 4 = Ag (g) Is we have {n\A\n) = Trs(As f„), which 
are sufficiently continuous functions of the energy for any 
As if and only if f„ is. 

It is well-established that if the ETH holds for any ini¬ 
tial global state with a sharp enough energy distribution, 
then the time average of the reduced state of the system 
is a smooth function of its average global energy alone 
[19], i.e. different initial global states lead to nearly the 
same equilibrium reduced state for the system if their 
average energies are close and their energy distribution 
is sufficiently sharp. Moreover, this equilibrium state is 
close to the one associated with a micro-canonical global 
state. To make our treatment self-contained, and bet¬ 
ter emphasise the importance of the ETH in the study 
of thermalization, let us state here precisely our version 
of this implication in terms of the definitions introduced 
above (see Section A1 for a proof). 

Proposition 1 (ETH implies micro-canonical thermal¬ 
ization). Let H fulfil the ETH in £ on a scale A with pre¬ 
cision Ceth- Let P be the projector onto the energy shell 
'H{E,A) of the total Hamiltonian, so onto the subspace 
spanned by those eigenvectors of H that have eigenval¬ 
ues in the interval [E — A, E -\- A], which is assumed to 
he contained in £. Then, for any initial state p peaked 
around the energy E in the sense Tr[/3(I —P)] < Ceth; the 
time-averaged reduced state (p) of Eg. (1) is close to 
the reduced micro-canonical state associated to 'H{E,A), 


$s(/3)-TrB(P)/Tr(P) ^<3eeth- 


( 4 ) 


Let us stress that this proposition does not assume p 
to be a product or separable state, i.e., the ETH implies 
thermalization even if the system and bath are initially 
entangled. The link with Definitions 1 and 2 is then 
provided by Lemma 2 of Appendix A: If p is a state sup¬ 
ported on TLs ® 'Hb{E,Ab) then Tr[p(i — P)] < Ceth 
and Eq. (4) follows from the ETH on a scale A = 


{\\Hc\\+Ab)/A^ eth- Eurther, for conditions under which 
the micro-canonical state may be replaced by the canon¬ 
ical state, see, e.g., Refs. [17, 18, 39-41] and references 
therein. 


III. THERMALIZATION IMPLIES ETH 

Proposition 1 seems to imply that the ETH is too 
strong a hypothesis and that weaker assumptions might 
be sufficient to justify thermalization. It turns out that 
this is not true. Indeed, we shall prove that the ETH 
must hold for any ideal heat bath satisfying Definition 
2. First off, we show that if a subspace of the bath 
induces thermalization to a state cD for any initial prod¬ 
uct state as per Definition 1, the property extends to the 


entangled initial states up to an overhead which is lin¬ 
ear in the system dimension. Our argument relies on the 
observation that the entanglement of the eigenstates |n) 
is limited by the system dimension dg, and cannot grow 
arbitrarily even when the bath dimension is large. Note 
that this result is similar in spirit to the main finding of 
Ref. [16], where thermalization is disproved in certain 
non-integrable systems by establishing an upper bound 
on the average system-bath entanglement over random 
initial bath states. 

Lemma 1. Let TC^ he a subspace of the bath Hilbert 
space that induces thermalization to a state A with pre¬ 
cision e in the sense of Definition 1. Then induces 
thermalization also on the entangled initial states with 
precision 4dge, i.e. 

||$g(p)-w||^ < 4dge (5) 

for all p with support contained in TLs ® 

By virtue of this Lemma, the equilibration to some 
fixed state A of all initial product states in TLs ® 
extends to all initial states in this subspace. Then, if an 
eigenstate |n) of the Hamiltonian is almost contained in 
the same subspace, the resulting time-averaged reduced 
state of the system <i)g(|n)(n|) is also close to A. However, 
if we initialize the global system in an eigenstate of the 
Hamiltonian, it obviously remains there forever, 

4's(|»T-)(»^|) = Tn ■ (6) 

Combining this with the fact that the trace norm is con¬ 
tracting under completely positive trace-preserving maps 
[42] , we have under the assumptions of Lemma 1 that (see 
Section A 4 for details) 


w|li A 4dge -|- 2 



( 7 ) 


where Q is the projector onto the subspace orthogonal 
to TLs ® LL’^b- P remains to bound {n\Q\n) for given 
Hfig = TLb{E, Ab), which we do in Section A4, to ar¬ 
rive at the statement that whenever TLb {E, Ab ) induces 
thermalization to A with precision e then for all n with 
\En — E\ < Ab/ 2 we have 


will < 


8||Pc||^ 

A| 


+ 4dge, 


( 8 ) 


which implies our main result (see Section A 4 for de¬ 
tails): 

Theorem 1 (Thermalization implies ETH). Let the bath 
be ideal in the energy range £b as in Definition 2. Let 


^eth 


12 sup 
E^Eb 


(2\\HcfdskP{Ef 

\ C{fi{E)) 


2/3 


( 9 ) 


Then H fulfils the ETH in the region £b on a scale 

A = 2^3^^^! (10) 

■s/ ^eth 


with precision e^th ■ 
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Typically, for any fixed inverse temperature /3, the 
bath’s heat capacity C(/3) is increasing in the size of the 
bath. On the contrary, He has been chosen such that 
it remains bounded. Then, for fixed j3 and ds-, the er¬ 
ror e becomes arbitrarily small (and thus the width A 
arbitrarily large) as ds —>■ oo. 

IV. CONCLUSIONS 

The eigenstate thermalization hypothesis has been cen¬ 
tral to much of the ongoing discussion concerning the re¬ 
laxation of open quantum systems to fixed equilibrium 
states. Its role as a sufficient condition for thermaliza- 
tion, which we reviewed in Proposition 1, is well estab¬ 
lished and has been repeatedly remarked in several past 
contributions. By proving that, conversely, an ideal heat 
bath must necessarily interact with the system with a 


Hamiltonian fulfilling the ETH we have, in a precise and 
rigorous sense, revealed the full role such a condition has 
to play. This result rests on a definition of an ideal bath 
which is rigorous and yet broad enough to encompass all 
practically relevant instances, and hence sheds consider¬ 
able light on the very general mechanisms that let open 
quantum systems thermalize. 
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Appendix A 

Here we provide explicit proofs of the various lemmata and theorems presented in the main text. 


1. Proof of Proposition 1 


Defining 

C = {n:\Er,-E\< c£ 

the partial trace of the micro-canonical shell can be written as 

Tr^P 1 


TrP \C\ 


nec 


We have then 


(p) - 


TrsP 


TrP 


1 


EE Pn i'^n '^m) 


< |4E E^" ll^n -Tmlli < 

I ' ' n m^C 


(Al) 

(A2) 


n m^C 

- I^E E 11^" -r^lli +2Tr(p(i-P)) , (A3) 

' ' nec mec 

where Tr(p (I — P)) < Ceth and from (Al), for any m,n € C we have |P„ — Em\ < 2A and then ||f„ — Tm\\ < eeth- 


2. Lemma 2 


One arrives at the statement after Proposition I in the main text by applying the following lemma to Ai = H, 
^2 = is G Pb, A = P, Al = A = and Az = A, 




Lemma 2. Consider two self-adjoint operators Ai and A 2 . Let/S.i) be the subspace identified by X — Ai < Ai < 
X -|- Ai, for i = 1,2. Let p be a quantum state with support contained in 'H 2 (A, A 2 ), and Q the projector onto the 
subspace orthogonal to 'Hi(A, Ai). Then 

II Al — A 2 II -l- A 2 '\ 


Tr(pQ) < 


Al 


(A4) 
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Proof. Consider first a pure state p = |I start from the identity 

{Ai - x)\ifj) = {Ai - A 2 )\tp) + {A 2 - A)|V’) ■ (A5) 

On one hand, the square norm of the left-hand-side is 

||(ii - A)|^)f = mA, - Xf\^) > . (A6) 

On the other hand, the norm of the right-hand-side satisfies 

||(il-i2)|V') + (i2-A)|^)|| < \\A,-A2\\ + UA2-XM)\\ < \\A,-A2\\ + ^JmA2-Xr\f;)< ||ii-i2||+A2 . (A7) 

Putting together (A6) and (A7), we have Eq. (A4) for pure states. For mixed states p = J2kPA'^k){fpk\ with 
|'0fc) G 7^2(A, A 2 ) we have Ti'{pQ) = J2kPk{'^k\Q\i^k) and the assertion follows by applying the pure-state result to 
each term individually. □ 


3. Proof of Lemma 1 

Let p a state in the subspace Pis O 77^ and denote by P the projector on said subspace. By the variational 
characterization of the trace norm we have 

i||$s(p)-cb||i = |Tr[M($s(/3)-d;)]| = \Tr[pX^]\, ^ Tr[(f„ - d;)M]P|n)HP , (A8) 

n 


for some M with 0 < M < I. Assuming w.l.o.g. that g = (the mixed case follows by convexity), we may 

Schmidt-decompose |i/;) = J2k=i 4’k\sk)\bk)- Hence 

i||$s(|'0)(f/'|) - will = ^'il;kipi{sk\{bk\Xj^\si)\bi) =: ^ifki/^iisklSkAsi) , (A9) 

k,l k,l 


where the operator Sk,i = {bk\Xj^j\bi) acts on 1-Ls and we have by the triangle and Cauchy-Schwarz inequality 

2|(sfe|4i|si)l < l(sfel(4; + + l(sfeK4; - sli)\si)\ < II^m + ^Lll + (Aio) 


where Sk,i + Sl ; and i{Sk,i — Sl ;) are hermitian such that 


ii^m+^Lii 


max 

\P)eHs 

(blb)=i 


\{^\{Sk,i + Sli)\ij)\ < max \{tlj\{bk\Xjfy 
(blb)=i 


l^i)IV')l + , max \{fj\{bi\Xj^\bk)\'ip)\ < 
meUs 
(blb)=i 


- ^ I nJ'w uS-. I(V'I(<^I^mI</')IV’)I, 


(All) 


where we used the Cauchy-Schwarz inequality and the hermiticity of {tjj\XjQf\tl}) to obtain the last line. The same 
upper bound holds for |(sfc|i(5fe_i — Sl ;) |si)|. Further, 

l('0l(</'|A^I</')l'0)l = |Tr[M($s {\'if){tp\ 0 |?5>)(<^|) - w)] | < ||$s (IV’)(V'| O |</>)(</'l) - w||^ < e (A12) 

such that 

||$s (|V’)(V'I) - w||i < A 4eds. 

k,l 


(A13) 
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4. Proof of Theorem 1 

We first give the details of how to arrive at Eq. (7). Denote the projector onto T-Ls ® ^>7 P. Inserting a zero 

and using the triangle inequality yields 


will < 




P|n)(n|P \ 
(n|P|n) ) 


( P|rt)(n|P \ 

V {r^\P\n) J 


(A14) 


Making use of the contractivity of the trace norm for the first term and the assumptions of Lemma 1 for the second 
term, we have 


li< 


r)(n| - 


P|n)(n|P 


(n|P|n) 


+ 4ds€ = 2\J {n\Q\n) + Adse 


where in the second step we have derived the trace norm with an explicit computation of the eigenvalues. 
Now let Hb = I]fc®fel^)(^l Q = l^)(^l- Then 

min (efc - P„)^(5 < 'S' {eu - Enf\k){k\ = Q'^ {eu - Enf\k){k\ = Q{Hb - En)^. 

^ ^ k 

Hence, by the Cauchy-Schwarz inequality 

min (efc - Enf{n\Q\n) < J{n\Q\n){n\[H b - En)'^\n) = J{n\Q\n){n\[H b - H^W) < 

< ^lAQ\n)\\EiB - Pf = ^J{n\Q\n)\\Hcf. 

With = T-Lb{E, IS.b) = span{|fc) : \ek — P| < A^}, we have 

min (cfc - Enf = min (efc - Enf , 
k:\ek—E\>A b 


(A15) 


(A16) 


(A17) 


(A18) 


and, combining Eqs. (A15,A17), we have that if = TLBiE^ As) induces thermalization to a state Q with precision 
e then for all n with |P„ — E\ < /S.b(2 


Vn - w||;^ < 


2||Pcll^ 


+ Mse < + Mse. 


min|e_is|>AB(e- £'n)^ 

If the bath is ideal in the energy range £b with inverse temperature /3(P) then for any e, Ab with 

kp{EfAB\\Hc\\<eC{/3{E)) 


(A19) 


(A20) 


and any E G £b have that T-Lb{E,Ab) induces thermalization to the state A(/3(P)) with precision e. Hence, 
setting e such that we have equality in Eq. (A20) and letting E G £b and n such that |P„ — P| < Ab/ 2, we have 


||Tn - W||^ < 4||Pc|| 


(2\\Hc\\ , , kp{EfAB\ 

\ Ai c{m) j’ 


(A21) 


which is minimized by 


A3 - 

i^B — 


A\\Hc\\C{P{E)) 


dsk(d{EY 

Hence, if the bath is ideal in the energy range £b then for any P„, Em G £b with (we set E = {En + Em) 12) 


|P„/2 - P„/2| = \E^im -E\< Ab/2 := a = 2||Pc|| 


3 

^eth 


(A22) 


(A23) 
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we have 


and finally 


— U}\ 


< 24||i7cf/A| = 6 


( 2\\HcrdskP{Ef 

\ C{P{E)) 


2/3 


— ■ ^ethl^ : 


(A24) 


\\Tm -Tn\\l < \\Tm - W || ^ + || W - f„ || ;^ < Ceth ■ 


(A25) 
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